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ALEXANDER V. KARABEGOV 

Abstract. We give a self-contained algebraic description of a for- 
mal symplectic groupoid over a Poisson manifold M. To each 
natural star product on M we then associate a canonical formal 
symplectic groupoid over M . Finally, we construct a unique formal 
symplectic groupoid 'with separation of variables' over an arbitrary 
Kahler-Poisson manifold. 



1. Introduction 

Symplectic groupoids are semiclassical geometric objects whose heu- 
ristic quantum counterparts are associative algebras treated as quan- 
tum objects. In [4], [14], and [15] evidence was given that the star 
algebra of a deformation quantization gives rise to a formal analogue 
of a symplectic groupoid. In this paper we give a global definition 
of a formal symplectic groupoid and show that to each natural defor- 
mation quantization (in the sense of Gutt and Rawnsley, [10]) there 
corresponds a canonical formal symplectic groupoid. 

Symplectic groupoids were introduced independently by Karasev 
[16], Weinstein [23], and Zakrzewski [25]. Recall that a local sym- 
plectic groupoid is an object that has the properties of a symplectic 
groupoid in which the multiplication is local, being only defined in a 
neighborhood of the unit space. It was proved in [16] and [23] that 
for any Poisson manifold M there exists a local symplectic groupoid 
over M that 'integrates' it. In [4] A. S. Cattaneo, B. Dherin, and 
G. Felder considered the formal integration problem for endowed 
with an arbitrary Poisson structure, whose solution is given by a formal 
symplectic groupoid. They start with the zero Poisson structure on M", 
the corresponding trivial symplectic groupoid T*]R", and a generating 
function of the Lagrangian product space of this groupoid. A formal 
symplectic groupoid is then defined in terms of a formal deformation 
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of that trivial generating function. One of the main results of [4] is an 
explicit formula for a generating function that delivers the formal sym- 
plectic groupoid related to the Kontscvich star product. The approach 
to formal symplectic groupoids developed in [4] demonstrates the re- 
lationship between geometric and algebraic deformations described in 
[22]. 

One can take an alternative approach to the definition of a formal 
symplectic groupoid over a Poisson manifold M (which leads to the 
same object) by replacing the symplectic manifold E on which a (local) 
symplectic groupoid over M is defined, with the formal neighborhood 
(E, A) of its unit space A (see the definition of a formal neighborhood 
in Section 2). We use a simple model of the algebra of formal functions 
on (E, A) which is reminiscent of the Hopf algebroid constructed by 
Vainerman in [21]. This model provides effective means to check the 
axioms of a formal symplectic groupoid and to do the calculations. 

In Section 2 we state formal analogues of the axioms of a symplectic 
groupoid and give a definition of a formal symplectic groupoid over 
a given Poisson manifold M. Such a formal groupoid is defined on 
the formal neighborhood of a Lagrangian submanifold of a symplectic 
manifold. In Section 3 we give a self-contained algebraic description of 
a formal symplectic groupoid and show that a strict formal symplectic 
realization of an arbitrary Poisson manifold M gives rise to a unique 
formal symplectic groupoid over M whose source mapping is given by 
that formal symplectic realization. In Section 4 we describe the space 
of all formal symplectic groupoids over M which are defined on a given 
formal neighborhood of a Lagrangian submanifold of a symplectic man- 
ifold. In Section 5 we relate to each natural deformation quantization 
on M a canonical formal symplectic groupoid. In Section 6 we prove 
that any deformation quantization with separation of variables on a 
Kahler- Poisson manifold M is natural and show that its canonical for- 
mal symplectic groupoid has a property which we call 'separation of 
variables'. Finally, in Section 7 we prove that for an arbitrary Kahler- 
Poisson manifold M there exists a unique formal symplectic groupoid 
with separation of variables over M. 

2. Definition of a formal symplectic groupoid 

A symplectic groupoid over a Poisson manifold (M, {•, -^m) is a sym- 
plectic manifold E endowed with the associated Poisson source map- 
ping s : E — > M, the anti-Poisson target mapping t : E — > M, 
which both are surjective submersions, the antisymplectic involutive 
inverse mapping i : E — > E, and the unit mapping e : M — > E, 
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which is an embedding. The image A = e(M) of the unit map- 
ping is the Lagrangian unit space of the symplectic groupoid. Denote 
by the Cartesian product of n copies of the manifold E and by 
E„ the submanifold of S" formed by the n-tuplcs (ai, . . . , «„) G S" 
such that t{ak) = 5(0:^+1), 1 < k < n — 1. The coisotropic sub- 
manifold E2 of E X E is the domain of the groupoid multiplication 
m : E2 ^ E. For a. 3 G E2 we write m{a, (3) = aj3. The groupoid mul- 
tiplication is associative. For (a,/?, 7) G E3 the associativity condition 
a(/?7) = («/3)7 holds. The graph F = {(a,/5,7) | (/5,7) g E2,a = (5-^} 
of the groupoid multiplication (the product space) is a Lagrangian sub- 
manifold of E X E X E, where E is a copy of the manifold E endowed 
with the opposite symplectic structure. 

The groupoid operations satisfy the following axioms. For any com- 
posable a, /9 G S and x E M 

{Al) s{a(3) = s{a), {A2) t{a(3) = t{P), {A3) s o e = idM, 
(^44) t o e = id-M, {A5) e{s{a))a = a, (AG) ae{t{a)) = a, 
{A7) s{i{a)) = t{a), (AS) ai{a) = e{s{a)), {A9) i{a)a = e{t{a)). 

Recall the definition of the formal neighborhood {X,Y) of a sub- 
manifold y of a manifold X. Let Y he a closed fc-dimensional sub- 
manifold of a real n-dimcnsional manifold X and ly C C°^(X) be 
the ideal of smooth functions on X vanishing on Y. Then the quo- 
tient algebra C°°{X,Y) := C°°{X)/I^, where = r\'^jY, can be 
thought of as the algebra of smooth functions on the formal neighbor- 
hood (X, Y) of the submanifold Y in X. If C X is a local coor- 
dinate chart on X with coordinates {x^} such that U DY is given by 
the equations x'^'^^ = 0, . . . , = 0, then C°^{U, U r\Y) is isomorphic 
to C°°{U n . . . , x"]], where the isomorphism is established 

via the formal Taylor expansion of the functions on U in the vari- 
ables x'''^^, . . . , x'^. Thus the formal neighborhood (X, Y) of Y G X is 
the ringed space Y with the sheaf of rings whose global sections form 
the algebra C°°{X,Y). Let Yi be a submanifold of a manifold Xj for 
i = 1,2. If / : Xi ^ X2 is a mapping such that f{Yi) C Y2, then 
/*(/y2) C Iyi- Therefore the mapping / induces the dual morphism of 
algebras /* : C°°(X2,F2) ^ C°°(Xi,Fi). 

Denote by A" the Cartesian product of n copies of the manifold A 
and by A„ the diagonal of A". Notice that E„ fl A" = A„. The algebra 
C°°(S) is a Poisson algebra with respect to the natural Poisson bracket 
{•, ■}•£ on S. The space C°°(E, A) inherits a structure of Poisson algebra 
from C°°(E). We will use the same notation {•, -js for the induced 
Poisson bracket on C°°(E, A). Similarly, denote by {•,•}£" the Poisson 
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bracket on C°°(E") corresponding to the product Poisson structure, 
and the induced bracket on C°°(E",A"). Let t : E2 ^ S x E be 
the inclusion mapping. We will say that functions F G C°°(S) and 
G e C°°(S X E) such that m*F = l*G agree on E2. The functions 
F e C°°(E) and G G C°°(S x S) agree on Eg if and only if the function 
F^l^l-l^G e C°°(ExExE) vanishes on the product spacer. Since 
r is a Lagrangian submanifold of E x S x S, the Poisson bracket of two 
functions vanishing on F also vanishes on F. For functions Fi G C°°(E) 
andGi G C°^(ExE), i = 1, 2, the Poisson bracket of Fi l(g)Gi 
and F2®1®1 — 1(8)^2 equals 

{Fi, F2U ® 1 ® 1 - 1 ® {Gi, G2h2, 

whence we obtain the following lemma. 

Lemma 1. If functions Fi G C°°(E) and Gi G C°^(E x E), i = 1,2, 
agree on E2, then the Poisson brackets {Fi,F2}e and {Gi,G2}e2 also 
agree on E2. 

The multiplication m : E2 — > E identifies A2 with A and thus induces 
the comultiplication mapping 

m* :C°°(E,A) ^C°°(E2,A2). 

Denote by i„ : E„ — > E" the inclusion mapping. In particular, l = L2- 
Since the mapping t„ maps A„ to A", it induces the algebra morphism 

C:C~(E-,A-)^C-(E„A,). 

We say that elements F G C°°(E,A) and G G C°°{E'^ , A.'^) agree on 
C°°(E2,A2) if m*F = i*G in C°°(E2,A2). It follows from Lemma 1 
that if Fi G C°°(E,A) agrees with Gi G C°°{T.'^,A^) on C°°(E2,A2) 
for i = 1,2, then {^1,^2)2 agrees with {Gi,G2}^2 on C°°(E2,A2) as 
well. We will call this property of comultiplication Property P and use 
it in the definition of a formal symplectic groupoid. The mappings 
s,t : T: ^ M induce the algebra morphisms 

S,T: C^{M) C~(E,A). 

The source mapping 5" is a Poisson morphism and the target mapping 
T is an anti-Poisson morphism. For any f,g & G°°{M) the elements 
Sf,Tg G C°°(E,A) Poisson commute. The unit mapping e : M — >■ 
E identifies M with A and thus induces the algebra morphism E : 
C~(E, A) ^ C°°(M). Axioms (A3) and (A4) imply that 

(1) ES = idc°°(M) and ET = idc°=(M) • 

The inverse mapping i : E — > E leaves fixed the elements of A and 
therefore induces the antisymplectic involutive algebra morphism I : 
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C^(S,A) ^ A). It follows from Axiom (A7) that 

(2) IS = T. 

To find the formal analogue of multiplication in a symplectic groupoid, 
we need a different description of the algebra C°°(S„,A„). For / e 
C^{M) introduce functions S^f,T^f e C°°(S",A^^) by the following 
formulas: 

fe-th fe-th 

(3) S'^f = r„V = 10 ■■■(8)^(8) ...(g)! . 

n n 

Denote by X„ the ideal in C°°(E",A") generated by the functions 

- T,^/, / G C°^(M), 1 < A; < n - 1. Taking into account 
that S„ n A" = A„, we see that the inclusion of E„ into E** induces the 
following exact sequence of algebras: 

^ X„ ^ C°°(E", A") ^ C°°(E„, A„) ^ 0, 

whence C°^(E„, A„) is canonically isomorphic to the quotient algebra 
C°°(E",A")/X„! Denote 

(4) £:„:=C-(E",A")/T„. 

Notice that £i = C°°(E, A). 

Remark. A formal neighborhood {X, Y) is the simplest example of a 
formal manifold which, in general, should be defined as a ringed space 
on Y. If a formal symplectic groupoid is defined as a formal neighbor- 
hood (S, A), it is too restrictive to require the existence of the manifolds 
E„ for n > 2. This is why from now on we will automatically replace 
the algebra C°°(S„,A„) with for n>2. In particular, we consider 
the comultiplication mapping m* as a mapping from C°^(S,A) to S2 
and the algebra morphism t* as the quotient mapping from C°°(S", A") 
to £n. 

Axioms (Al) and (A2) imply the following identities in the algebra 
S2: for / e C°°(M) 

(5) m*{Sf)^i*{Sf®l) 
and 

(6) m*{Tf) = i*{l^Tf), 
respectively. 

In order to state the formal analogues of axioms (A5),(A6),(A8), 
and (A9) we need one more mapping. Denote hy S : E — > E x E 
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the diagonal inclusion of S. Since 5(A) is the diagonal of A x A, the 
mapping S induces the dual morphism 

5* : C~(E2,A2) ^ C°°(E,A). 

In what follows F e C"^(S,A) and G e C°^{T.^,A^) agree on £2, i.e., 
m*F = 4*6* in £^2- Axiom (A5) implies that F{a) = G{€{s{a)),a), 
whence 

(7) F = (5* o (8) l))^. 
Similarly, it follows from Axiom (A6) that 

(8) F = (5* o (1 TE))G. 
Axioms (A8) and (A9) imply that 

(9) {SE)F = {6* 0(1® I))G and {TE)F = {6* o (/ ® 1))G, 
respectively. 

Now we need to state the formal analogue of the associativity of the 
groupoid multiplication. The mapping m* ® 1 maps F G C°°(S^, A^) 
to a coset in C°^(S'^,A'^) of the the ideal generated by the functions 
Tf — l®^'/®!. This ideal belongs to the ideal X3 . Therefore the 

image of F with respect to the mapping m* (8) 1 is a well defined element 
of S3. It can be checked using formula (6) that the homomorphism 
m* 1 maps the ideal I2 to X3. This implies that the mapping m* 1 
induces a well defined mapping from S2 to S3, which we will denote 
{ml)*. Similarly, we construct the mapping {1712)* : S2 ^ S3 induced 
by 1 <S> m*. The associativity of the groupoid multiplication implies 
that 

(10) (777.2)* o m* = (ma)* o m*. 

To define a formal symplectic groupoid over a Poisson manifold M, 
we begin with a collection of the following data: a symplectic man- 
ifold S, a Lagrangian manifold A C S, an embedding e : M — E 
such that e(M) = A, its dual E : C°°(E,A) ^ C~(M), a Poisson 
morphism S : C°°{M) — > C°°(E,A) and an anti- Poisson morphism 
T : C°°(M) C~(E,A) such that Sf and Tg Poisson commute 
for any f,g E C°°{M), and an involutivc antisymplcctic automor- 
phism / : C°°(E,A) ^ C°°(E,A). For / G C°°(M) introduce the 
functions S^f,T^f e C~(E^,A") by formulas (3). For each 77 define 
the ideal J„ in C^(E", A") generated by the functions S^+^f - T^f, 
where / G C°°(M) and 1 < k < n — 1, and the quotient algebra 
Sn = C°°(E'^,A")/J„ as above. Denote by l*^ : C°°(E",A'^) ^ Sn 
the quotient mapping. There should exist a comultiplication mapping 
777* : C°°(E,A) — > £^2 which has Property P and satisfies the formal 
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analogues of axioms (Al) - (A9) given by formulas (5), (6), (1), (7), 
(8), (2), and (9), respectively. It should generate the mappings 

as above so that the coassociativity condition (10) is satisfied. In what 
follows we will refer to the formal analogues of axioms (Al) - (A9) as 
to axioms (FAl) - (FA9). 

3. Formal symplectic realization of a Poisson manifold 

If S is a symplectic manifold, M a Poisson manifold, s : S — > iVI 
a surjective submersion which is a Poisson mapping, and e : M ^ 
E an embedding such that s o e = id^ and A = e{M) C S is a 
Lagrangian manifold, then E is called a strict symplectic realization 
of the Poisson manifold M (see [6]). It is known that, given a strict 
symplectic realization E of the Poisson manifold M, there exists a 
canonical local symplectic groupoid over the manifold M defined on a 
neighborhood of A in E, such that s is its source mapping ([6], Thm. 
1.2 on page 44). 

In this section we will prove a formal version of this theorem. Let 
E be a symplectic manifold, M a Poisson manifold, and e : M — > 
E an embedding such that s o e = id-M and A = e(M) C E is a 
Lagrangian manifold. Denote by E : C°°(E,A) C°°{M) the dual 
mapping of e. Then, if there is given a formal Poisson morphism S : 
C"^(M) C"^(E, A) such that ES — idcoo(M), we say that the formal 
neighborhood (E, A) is a formal strict symplectic realization of the 
Poisson manifold M. 

Theorem 1. Given a formal strict symplectic realization of a Pois- 
son manifold M on the formal neighborhood (E, A) of a Lagrangian 
submanifold A of a symplectic manifold E via a formal Poisson mor- 
phism S : C^(M) C°°(E, A), there exists a unique formal symplectic 
groupoid on (E, A) over the manifold M such that S is its source map- 
ping. 

Assume there is a formal strict symplectic realization (E, A) of the 
Poisson manifold M. Given an element F G C°°(E,A), denote by 
Hp = {F, - js the formal Hamiltonian vector field corresponding to 
the formal Hamiltonian F. Denote by A the representation of the Lie 
algebra q := (C"^(M), {-, -Im) on the space C°°(E,A) given by the 
formula 



A(/) = Hsf, 



8 



A.V. KARABEGOV 



where / G g. Extend the representation A to the universal enveloping 
algebra U{g) of g and define a mapping 

(F):W(0)^C~(M) 

by the formula 

{F)(u)^E{X{u)F), 

where u e U{q). Denote the multiphcation in the algebra U{g) by •, 
so that f*g — g*f — {/, g}M for f,g & Q- We will often work in the 
following local framework on S. Let U he a Darboux chart on S with 
the local coordinates {x'', ^i} such that An?7 is given by the equations 
^ = and for F,G e C^{U) 

(11) {F, Gjs = d^FdkG - d^GdkF, 

where dk = d/dx'^ and = d/d^i. We will say that these Darboux 
coordinates are standard. In this framework a formal function F e 
C°°(E,A) will be represented on the formal neighborhood (f/, A n U) 
as an element of C°°(A fl and the coordinates will be treated 

as formal variables. We identify M and A via the mapping e, so that 
{x^} are used also as coordinates on e~-'^(A fl C/). In particular, for 
F — F{x,$,) we have E{F){x) — F{x,0). A local expression for the 
Poisson bracket on M is 

(12) {f:g}M^v''difdjg, 
where f,ge C°°{M). 

Lemma 2. Given a function f e C°°{M), the element Sf e C°°(E, A) 
can be written in standard local coordinates (x,^) on a Darboux chart 
U ClT. as 

(13) Sf{x,0-f{x) + a'^{x)d,fi^ (mod a 
for some function d}'^{x) such that d}'^ — a^' = rfK 

Proof. Denote = Sx'^. Since E{s^) — x*, expanding s'(^>0 "^i^^ 
respect to the formal variables ^ we get that s* = x^ + a^^ [x)^j (mod ^^) 
for some function a^^i^x). It follows from the fact that 5* is an algebra 
morphism, that 

Sf{x,i) = fisix,0) = fix) + a'\x)d,f^, (mod C')- 

Notice that the 'substitution' f{s{x,^)) is understood as a composi- 
tion of formal series. Since S* is a Poisson morphism, we have that 
{Sf,Sg}j: = S{{f,g}M) for any f,g e C^{M). On the one hand, 
according to formulas (11) and (13), 

d\Sf) dk{Sg) - d\Sf) dk{Sg) = a"' dj d^g - a'" d,g d^f (mod 0- 
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On the other hand, S{{f, g}M) = V^-' dif djg (mod which concludes 
the proof. □ 

Lemma 3. For any F e C°°(E, A) andu e U{g) the mapping C°° (M) 3 
f I— > {F){f • is a derivation on C°°{M). 

Proof. Let us show that the mapping C"^(M) 3 f ^ E{HsfF) is a 
derivation. Using Lemma 2 and formula (13), we obtain that in local 
Darboux coordinates 

E{HsfF) = E{{Sf, F}s) = E{d'{Sf)d,F - d'^Fdk{Sf)) = 

(14) a'%fE{dkF)-dkfE{d'F). 

To prove the statement of the Lemma, the element F should be replaced 
with \{u)F. □ 

Denote by C the space of linear mappings C : U{q) — > C°°(M) such 
that for any u E U{q) the mapping C°°(M) 9 / i— > C(/ • it) is a 
derivation on C°°(M). Lemma 3 implies that the mapping 

maps C°°(S, A) to C. Wc will prove that the mapping x '■ ^^"^(S, A) 
C is actually a bijection. Each element C G C is completely determined 
by the family of polydifferential operators {C„}, n > 0, on M, where 
Cn is the n-differential operator such that 

(15) C„(/i,...,/„) = C(/i...../„). 

The operators {C„} enjoy the following two properties. 
Property A. Each operator C„, n > 0, is a derivation in the first argu- 
ment. 

Property B. For any A;, n such that 1 < k < n — 1 

Cnifl, ■ ■ ■ 1 fk, fk+l, ■ ■ ■ fn) ~ C'n(/l, ■ ■ ■ , /fe+1, fk,--- fn) — 

(16) Cn-l{fl, ■ ■ ■ , {fk, fk+l}M, ■■■fn)- 

We will call a family {C„(/i, . . . , /„)}, n > 0, of polydifferential oper- 
ators on M coherent if it has Properties A and B. The correspondence 
C ^ {Cn} given by formula (15) is a bijection between the space C 
and the set of all coherent families. 

It is easy to show that each operator Cn from a coherent family 
annihilates constants (i.e., Cn{fi, ■ • • , fn) = if /fe = 1 for at least one 
index k) and is of order not greater than k in the kth argument for 
l<k<n. 

It is important to notice that if {C„}, n > 0, is a coherent family on 
M and cj) e C°°(M), then the operators {(f) ■ Cn},n > 0, also form a 
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coherent family. This observation means that one can apply partition 
of unity arguments to the coherent families. 

The standard increasing filtration on the universal enveloping algebra 
induces the dual decreasing filtration {C'-"-'} on C, i.e., C*^"^ consists 
of all operators C such that the corresponding coherent family {Cfc} 
satisfies the condition = for < A; < n — 1. The following lemma 
is an immediate consequence of Properties A and B of the coherent 
families. 

Lemma 4. IfC e C^''\ then C„(/i, . . . , /„) is a symmetric multideriva- 
tion on M (i.e., of order one in each argument and null on constants). 

We will also consider finite coherent families {Ck},0 < k < n. It 
turns out that any n-element coherent family can be extended to an 
(n + l)-element coherent family. 

Theorem 2. Any n-element coherent family {Cfc}, < A; < n — 1, can 
he extended to an {n-\-l)- element coherent family {C^}, < A; < n. The 
operator Cn is unique up to an arbitrary symmetric multiderivation. 

We will prove Theorem 2 in the Appendix. 

Given an element F G C°°(S,A), set C = (F) = x{F). We will 
denote the corresponding operator C„ by {F)n, so that 

{FUfu---Jn) = EiHsf,...Hsf^F), 

where fi G C°°(M). Denote hj J' = Ik/ I'x the kernel of the mapping 
E : C°°(S, A) ^ C~(M), i.e., the ideal of formal functions on (S, A) 
vanishing on A. The powers of this ideal, {J^}, form a decreasing 
filtration on the algebra C°°(S,A). Consider an element F G J^^. 
The operator (-F)n vanishes if A; < n, therefore (F) G C^"). Thus the 
mapping % : C°°(E, A) ^ C is a morphism of filtered spaces. Notice 
that the filtrations on C°°(S, A) and C are complete and separated. 

Lemma 5. Let F he an arbitrary element in JT"". Then 

{F)^{f,,...J^) = E{Hsf,...HsuF), 

fi G C°°(M), is a symmetric multiderivation which does not depend 
on the choice of the source mapping S. The mapping x : F i— > 
induces an isomorphism of J'^ / J'^^^ onto the space of symmetric n- 

derivations on M. 

Proof. In standard local Darboux coordinates {x'',^i) on S a function 
F e J"- can be written as F{x,^) = F*i-*"(a;){jj • • - Cin (mod ^"■~^^), 
where F*i - '"(a;) is symmetric in ii, . . . , i^j. Taking into account formula 
(11) and that Sf — f (mod ^), we get that 

{FUfu ■■■Jn)^ E{Hsf, . . . Hsf^F) = (-l)"n! F'-'-d^J, . . . dUn- 
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This calculation shows that ■ ^"(a;) is a symmetric tensor which does 
not depend on the choice of the source mapping 5" and that the mapping 
X : F I— > {F)n induces an isomorphism of J""/J"^'^^ onto the space of 
symmetric n-derivations on M. □ 

Remark. One can describe the tensor ' (and the corre- 
sponding multidcrivation) independently, regardless the existence of 
the source mapping S. The description is based upon the identifica- 
tion of the conormal bundle of A C S with its tangent bundle TA. 

Proposition 1. The mapping x '■ C°°(E, A) —>■ C is a bijection. 

Proof. The mapping x is a morphism of complete Hausdorff filtered 
spaces. According to Theorem 2, the quotient space C^^") / C^"-+^^ is 
isomorphic to the space of symmetric n-derivations on M, the isomor- 
phism being induced by the mapping C^"^ 9 C i-^ C„. Lemma 5 thus 
shows that the mapping x induces an isomorphism of J'^ j J'^'^^ onto 
whence the Proposition follows. □ 

Using Proposition 1 we will transfer the structure of Poisson algebra 
from C°^(S, A) to C via the mapping x- It turns out that the resulting 
Poisson algebra structure on C does not depend on the mapping S and 
can be described canonically and intrinsically in terms of the Poisson 
structure on M. 

Denote by : (g) U{q) ® U (g) the standard cocommutative 
coproduct on W(g), so that 5;^(/) = / (g) 1 + 1 / for / e g. 
For F,G e C^(S, k), uE W(g), we have 

{FG){u) = E{X{u){FG)) ^Y.E{{\{u',)F){\{u'l)G)) = 

i 

(17) J;E(A«)F)E(A«)G) = X](F)«)(G)«). 

i i 

Here, as well as in the rest of the paper, we use the notation 

i 

For A,BeC denote by AB their convolution product, so that 

(18) {AB){u)^Yl^«W<). 

i 

This product is commutative since Su is cocommutative. Formula (17) 
shows that the mapping x is an algebra isomorphism from C°^(S,A) 
to C endowed with the convolution product. 
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For F,G e C^(S, A) we obtain by setting / = E{G) in formula (14) 
that 

(19) E {H^sE)(G)F) = a''E{d,G)E{dkF) - E{d''F)E{dkG). 

Swapping F and G in (19) and subtracting the resulting equation from 

(19) we get, taking into account formulas (11), (12), and Lemma 2, 
that 

F{{F, G}y:) = E [H(^se){f)G) - E [H(^se){g)F) - 

(20) {E{F),E{G)}m. 
For u,v e U{q) 

^ (i^(5i^)(A(«)F)A(t;)G) = S (if5((F)(«))A(t;)G) = ^ (A((F)(tz))A(t;)G') = 

(21) E{\i{F)iu).v)G) = {G)i{F){u).v). 
Using the Jacobi identity, formulas (20) and (21), we obtain that 

{{F,G}j,)iu) = EiXiu){F,Gh) = 

(22) ^£;({A(KOi^, A«)G}e) = ((G)((^>K) •<)- 

i i 

(i^)((G)«).<)-{(F)«),(G)«)}M). 

Notice that in formula (22) the functions (F)«),(G')«) e C°°(M) 
are used as elements of the Lie algebra g. Formula (22) shows that 
the mapping x transfers the Poisson bracket from C°°(E,A) to the 
following Poisson bracket on C: 

{A, B}c{u) = J2 {miud • <) - A{B{u^) . <)- 

i 

(23) {A{u'^,Biu':)}M), 

where A,BeC. We see that the bracket (23) is defined intrinsically in 
terms of the Poisson structure on M. One can prove that the bracket 
(23) defines a Poisson algebra structure on the algebra C regardless the 
existence of the mapping 5*. 

Now we can construct an anti-Poisson morpliism T : C°°(M) 
C°°(E,A) such that ET — idcoo(M) and the formal functions Sf and 
Tg Poisson commute for any f,g E C°°{M). 

Denote by eu V({q) C the counit mapping of the algebra W(g), 
so that eu{l) = 1 and ew(/) = for / G g. Here 1 is the unity in the 
algebra U{q). Let k denote the trivial representation of the algebra 
U{q) on C°°(M), i.e., such that 

Hu)f = eu{u) ■ f 
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for u e U{Q),f e C^{M). For / G C°^{M) consider a mapping Xf eC 
such that 

Xfiu) = k(t.)/, 

where u G U{g). For f,g E C°°{M) and u G U{q) we get from formula 

(23) : 

g}M = 

Thus the mapping / i— > is an anti-Poisson morphism from C°°(M) 
to C. 

Let h denote the representation of the Lie algebra g on C^(M) by 
the Hamiltonian vector fields, h(/) = {/, - jM, / G g. Extend it to 
l{{g). It follows from the fact that ES — idco°(M), that 

(24) {Sf){u) = h{u)f. 

For f,g E C°°{M) we get from formula (23) that {Sf) Poisson com- 
mutes with Xg-. 

{{Sf),XM^) = E i-'i^iOHg • - eu{u'!){h{u'^f,g}M) = 

i 

J2 (-6««)h(5)h(«0/ + euiuDig, h(«:)/}M) = 0. 

i 

Taking into account that the mapping x is a Poisson algebra isomor- 
phism of C°°(S,A) onto C, we define the mapping T : C°^(M) — >■ 
C°°(S,A) as follows. For / G C"^(M) T/ is chosen to be the unique 
element of C°°(E, A) such that 

(25) (T/) = Xf. 

We see that the mapping T : C°°{M) — >■ C°°(E,A) is an anti-Poisson 
morphism and for any f,g E C°°{M) the formal functions Sf and Tg 
Poisson commute. Thus the mapping T enjoys the properties of the 
target mapping. On the other hand, if T is the target mapping of a 
formal symplectic groupoid on (E, A) whose source mapping is S, it is 
straightforward that 

{Tf){u)^k{u)f. 

It means that the target mapping T is uniquely determined by the 
source mapping S. 

In order to construct the inverse mapping / and the comultiplication 
m* from the mappings S and T, we will consider mappings from tensor 
powers of U{q) to C°°{M) which generahze the mappings from C. The 
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space Hom(W (0) C^(M)) is endowed with the convolution product 
defined on its elements A,B as follows: 

(26) {AB){ui® . . .^Un) = 

where 

i 

Denote by {■, -jj^n the Poisson bracket on C°°(S") (and on C°°(S", A")) 
corresponding to the product Poisson structure. For F G C°°(S'^,A") 
let Hp — {F, -js" denote the corresponding formal Hamiltonian vector 
field on (E", A'^). Introduce representations A^, < k < n, oi the Lie 
algebra Q on C°°(E"', A"^) by the following formulas: 

^nif) = Hs}j, Kif) = -Hr^f^ and A^(/) = H^gk+ij:_j,kf) 

ioT 1 < k < n - 1, where the functions 5^,T^ G C~(S",A") are 
given by formulas (3). These representations pairwise commute. Notice 
that in these notations the representation A is denoted A?. Denote the 
representation A^ by p so that p{f) = —Hrf for / e g. Extend the 
representations A^ to the algebra U{g). For u G U{q) 

a°(m) = \{u) ® 1 ® . . . (g) 1, a;;(m) = 1 (g) . . . (8) 1 (g) p{u), 



fe-th 

(27) and A^(^) = ^ 1 ... p{u'^ (g) A«) ... 1 , 

where 1 < k < n — 1. Let e„ : M — > E" denote the composition of 
the identification mapping from M onto A„ with the inclusion of A„ 
into S". Since A„ C A"^, the mapping e„ induces the algebra morphism 
E„ : C°^(S",A'*) ^ C°°(M). In particular, e = ei and E = Ei. After 
some preparations we will show that the morphism En intertwines the 
representations h and Y12=o^n- 

We cover the submanifold A" C E"^ by Cartesian products Ui x 
... X Un of standard Darboux charts f/j C S and use the coordi- 
nates {a^[fc],0[fe]} '^^ ^^'^ ^'^^ factor. In particular, in local coordi- 
nates S^f = {Sf){xik],^[k]) and T^/ = (T/)(x[fc], C[fc]). For a func- 
tion F = F(x[i], ^[1], . . . , xin],^[n]) on C/i X . . . X [/„ we have E^iF) = 
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F{x, 0, . . . ,x,0). We will use below the following obvious formulas, 

n 

(28) EMx[k])F) = f{x)E^{F) and ^Y.^-^^mF). 

k=l 

where di^k] = d/dx^^^. It can be proved as in Lemma 2 that in local 
Darboux coordinates (x, ^) 

(29) Tf{x,0 = f{x) + a^\x)difij (mode'), 
where the function a^^{x) is the same as in formula (13). 
Lemma 6. For f e C°°{M) and F e C°°(E", A") 

n 

h{f)E^{F) = J2En{X'MF). 

k=0 

Proof. Using formulas (11),(12), (13), (29), and Lemma 2 we get: 
E{H^sf-Tf)F) = E{{Sf - Tf,F}j,) = 
Eid\v'^dJQdkF) = h{h)E{F). 
Now the Lemma follows from formulas (28) and the fact that 

n n 



k=0 k=l 



□ 



Denote by Cn the subspace of Hom(W(0)®("+^), C°^{M)) of the map- 
pings C such that 

• for any C e Cn, Ui e U{g), < i < n, and k satisfying < A; < 
n, the mapping 

C°°(M) 3 f ^ C{uo . . . (8) / • Wfe (8) . . . (8) w„) 

is a derivation on C°°(M); and 

• for any / e C°°(M) 

n 

(30) h(/)C(Mo ® . . . ® Mn) = XI <^("0 ® • • • ® / 

fe=0 

The space Cn is closed under the convolution product and thus is an 
algebra. For an element F e C°°(E", A'^) define a mapping 

((F)) e Hom(W(0)®^"+^),C°°(M)) 

such that 

(31) {{F)){uo (8) . . . ii„) = EniXliuo) . . . Xliun)F). 
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A straightforward generalization of the proof of Lemma 3 shows that 
for each k satisfying < k <n the mapping 

C°°{M) 3 {{F)){Uo 0...(»f»Uk®...®Un) 

is a derivation on C°^{M). It foUows from Lemma 6 that the mapping 
C = {{F)) satisfies formula (30). Thus the mapping 

C~(S^,A^) ((F)) 

maps C^(E",A") to C„. Denote this mapping by Xn- A simple calcu- 
lation shows that Xn '■ C°°(E", A") Cn is an algebra homomorphism. 

Denote by C„ the subspace of Hom(ZY(0)®'^, C°°(M)) consisting of 
the elements C G C„ such that for any Ui & U{q),1 < i < n, and k 
satisfying 1 < k < n, the mapping 

C°°{M) 9 / 1-^ C{ui (g) . . . (g) / • Mfe (g) . . . (g) M„) 

is a derivation on C°°{M). Notice that in these notations C = Ci. The 
space Cn is also an algebra with respect to the convolution product. 

Consider a reduction mapping C i— > C* from Cn to Cn defined as 
follows: 

C{ui (g . . . (g Un) — C{ui (g . . . (g li„ (g 1), 

where 1 is the unity in the algebra U{g) (which should not be confused 
with the unit constant 1 G g). Formula (30) implies that the reduction 
mapping C i-^ C is a bijection of C„ onto C„. It is easy to check that 
the reduction mapping C i-^ C is an algebra isomorphism of Cn onto 
Cn- A straightforward calculation shows that the reduction mapping 
pulls back the Poisson bracket (23) on C — Ci to the Poisson bracket 
{•, 'Ici on Ci defined as follows. For A,BeCi and u,v E U{q) 

{A, B}cAu ®v)^-Y, {KWI ® <) • <) ® ^3 + 

i,3 

(32) B{u'l®{A{u[®v',).v';))), 

where 

5u{u) = ^u'i® u'l and 8u{v) = ^v'^® v'-. 

i 3 

Recall that in (32) the functions A{u'i ®Vj), B{u'l ® v]) G C°°{M) are 
treated as elements of the Lie algebra g. The right-hand side of formula 
(32) is skew-symmetric due to formula (30) and cocommutativity of the 
coproduct Su- 

For F e C°°(E, A) the mapping ((F)) e Ci such that 

{{F)){u®v)^E{X{u)p{v)F) 
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for u,v E U{q) is completely determined by its reduction {F){u) — 
E{\{u)F). Thus the mapping xi '■ C°°{T,, A) ^ Ci is a Poisson algebra 
isomorphism. This isomorphism will be used to introduce the inverse 
mapping I on C°°(S, A) in the most transparent way. 

A simple calculation shows that for / G C°^(M) and u,v E ^(s) 

(33) {{Sf)){u ^v) = h{u)k{v)f and {{Tf)){u v) = h{v)k{u)f. 

Given a mapping C : ^U{g) — > C°^(M), denote by the map- 
ping from U{q)®U{q) to C°°(M) such that 

for u,v G It is easy to check that the mapping C leaves 

invariant the space Ci. Formulas (33) indicate that 

{{Sf))' = {{Tf)). 

Using formulas (26) for n = 2 and (32) one can readily show that the 
mapping C t— induces an involutive anti-Poisson automorphism of 
the Poisson algebra Ci. Define a unique mapping / on C°°(E, A) such 
that for F G C°°(E, A) and u,v e U{q) 

(34) {{I{F))){u ®v) = {{F)){v ® u). 

It follows that the mapping / is an involutive anti-Poisson automor- 
phism of C°°(S, A) such that 

(35) IS = T and IT = S. 

Now assume that / is the inverse mapping of a formal symplectic 
groupoid on (S, A) over M with the source mapping S (and target 
mapping T). Then for / G C°°(M) and F G C°°(E, A) 

I{\{f)F) = I {{Sf, F}s) = -{ISf, 7(F)}s = 
-{TfJ{F)}^^p{mF). 

Therefore I o \{u) = p{u) o I lor u G U{q). Since I is involutive, 
I o p{u) — X{u) o I. One can derive from the groupoid axioms that 
i o e — e. Similarly, for a formal symplectic groupoid, the formula 

(EI)(F)^E(F), 

where F G C°°(E,A), holds. Now, 

{{I{F))){u0v) = EiXiu)piv)IiF)) = EiI{piu)X{v)F)) = 

E{p{u)X{v)F) = E{X{v)p{u)F) = {{F)){v ® u), 

which means that the inverse mapping / is uniquely determined by the 
source mapping S. 
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Our next task is to construct the comultiplication of the formal sym- 
plectic groupoid from the source and target mappings. Denote by X^, 
as above, the ideal in C°°(E", A") generated by the functions 

(36) St'f - T^f, 

where f eC°^{M), 1 < k < n - 1, and set = C°°(S", A")/Jn as in 
formula (4). 

Lemma 7. The representations leave invariant the ideal X„. The 
ideal In is in the kernel of the algebra morphism Xn '■ C°°(E", A") — > C„. 

Proof. For f,ge C~(M) 

n\j j\ n ni^ y Q Otherwise, 

whence we see that the representations leave invariant the ideal X„. 
Since En{Slf) = f and i?„(T,^/) = /, we get that - = 

0. Therefore the ideal X„ is in the kernel of the algebra morphism 
En : C~(E",A'^) C~(M). Now the Lemma follows from formula 
(31). □ 

Lemma 7 implies that the homomorphism Xn factors through 
Denote by ipn the induced homomorphism from Sn to C„. Notice that 
Si = C°^(S,A) and ipi = Xi- It can be obtained by a straightforward 
generalization of the proof of Proposition 1 that the induced homomor- 
phism ipn '■ Sn ^ Cn is, actually, an isomorphism. Introduce a mapping 
6* : Ci ^ C2 as follows. For C e Ci set 

(37) e[C]{u®v®w)^\ii{v)C{u®w). 

We define the comultiphcation m* : £^1 — > 82 as a puUback of the 
mapping 9 with respect to the isomorphisms ipi,ip2' 

m* :— ■^^^ o 6 o t/ji. 

Assume that F e C°°(E,A) and G e C^{J:^,A^) agree on £2, i.e., 
m*F = L*G in 82- This is equivalent to the condition that ilj2in^*F) — 
ip2{'*G) in C2, where l* : C°°(E^,A^) 82 is the quotient mapping. 
On the one hand, il)2{i*G) = X2{G). On the other hand, ip2{'nn*F) = 
9[^i{F)] = 9[xi{F)]. Thus F and G agree on 82 iff 

(38) {{G)){u(S)v0w) =k{v){{F)){u0w) 

for any u,v,w G U{q). 

Now we will check formula (5), i.e.. Axiom (FAl). For / e G°°{M) 
we need to show that m*{Sf) — L*{Sf<Sil) or, equivalently, that for 
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u, V, w eU{g) 

(39) {{Sf ^l)){uC^v^w) = k{v){{Sf)){u(^w). 

An easy calculation with the use of formulas (27) and (33) shows that 
both sides of (39) equal h{u)'k{v)'k{w) f , whence the statement follows. 
Formula (5) can be checked similarly. 

Axiom (FA3), i.e., the identity ES = idc°^(M), is a part of the defi- 
nition of a formal strict symplectic realization of the Poisson manifold 
M, and the target mapping T was constructed to satisfy the identity 
ET — idcoo(M), which is Axiom (FA4). 

Our next goal is to check formula (7), i.e., Axiom (FAS). We start 
with a pair of functions F e C°^(S,A) and G e C°°{E'^,A^) which 
agree on £2, i-e., satisfy condition (38). 

We need to check that formula (7) holds. Applying the isomorphism 
X to the both sides of formula (7), we obtain an equivalent condition: 

(40) {{F)){u^w)^E{X{u)p{v){5*o{SE^l))G). 
It is straightforward that 

{X{u)p{v))o5*^J25*o^{{X{u'Mv'^)) ® ((A«)p«))). 

Then, using the fact that 

\{u) oS^So h{u), p{u) oS^So k{u), 
and Lemma (6), we see that 

{\{u)p{v)) o {SE) = eu{v) ■ ^{SE) o {X{uM<))- 

i 

Finally, taking into account that E o 5* — E2, E20 (SE(S>1) — E2, and 
formula (27), we obtain that 

mxu^v) = 5]k(^;)£;,((A«)p«)) ® (a«')pK))g) = 

^ E2{{X{u^p{vfl)) ® {X{ur)p{v))G) = ® < ® 

i i 

where we have used the following notation: 

{{du ®l)o 6u) (u) = ((1 ® 5u) o 6u) (u) = J2ui®u"® u'-'. 

i 

Thus condition (40) is equivalent to the following one: 

(41) {{F)){u (^v) = Y^ {{G)K< ® W: ® v). 

i 

Formula (41) is an immediate consequence of (38). 
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The remaining axioms of a formal symplectic groupoid can be checked 
along the same lines. 

In order to check Property P of the comultiplication we need the 
following lemma. 

Lemma 8. If elements F e C~(S,A) and G e C°°(S2,A2) agree on 
£2, then for any u,v,w G U{g) the elements F = eu{v) ■ {X{u)p{v)F) 
and G = \2{u) \l{v) \l{w)G agree on 82 cls well. 

Proof. We have to show that 

{{G)){u®v ®w) ^\<i{v){{F)){u®w) 

for any u,v,w e U{q). It follows immediately from the fact that the 
representations A^, < /c < n, pairwise commute. □ 

Assume that elements F^ e C°°(E, A) and Gj e C°°{'E'^, A^) agree on 
£^2 for i = 1, 2. To check Property P we need to prove that 

{{{Gi, G2h^)){u ^v^w)^ Hv){{{Fi, F2h)){u ® w). 

A straightforward calculation with the use of formulas (13), (29), and 
(28) apphed to condition (38) with F — Fi,G — Gi, where i — 1,2, 
shows that 

E{{Fi,F2}j:)=E2{{Gi,G2h2). 

Then it remains to use the Jacobi identity and Lemma 8. 

In order to check the coassociativity of the comultiplication m* we 
consider the mappings 

{miy , {miy -.82^ S3 

induced by m* 1 and 1(E) m* as in Section 2. These mappings are well 
defined due to Axioms (FAl) and (FA2) given by formulas (5) and (6) 
respectively. Pushing forward the mappings (777.2)* (^2)* the 
isomorphisms ■02, '03 we obtain the mappings ^2, ^2 ■ ^2 — ^ C3 such that 

Ol^ipso {miy o 6*2 = V's o (^^2)* ° '^2^- 
These mappings act on an element C e C2 as follows: 

9l[C]{u V w z) = k{v)C{uiS)w z), 
9l[C]{u V w IS) z) = k{w)C{u iS)viS) z). 

Now, both 02 o 9 and ^| o ^ map B e Ci to an element D e C3 such that 

D{u <Si V <Si w <Si z) — \s.{v)'k.{w)B{u z), 
which implies the coassociativity of the coproduct m*. 
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Assume that there is given a formal symplectic groupoid on (S,A) 
over the Poisson manifold M with the source mapping S and comul- 
tiplication m* . To conclude the proof of Theorem 1 we need to prove 
the following statements. 

Lemma 9. // elements F e C°°(E, A) and G e C°°(E2, A^) agree on 
82, then E{F) = E^iG). 

Proof. Axiom (FA5) given by (7) and formula (13) imply that 
E{F) = E{5* o {SE (8) 1))G) = E2{{SE (g) 1))G) = E2{G). 

□ 

Proposition 2. The mapping ip2°nT'* ^i^i^ coincides with the mapping 
9, given hy formula (37) 

Proof. Axiom (FAl) of a formal symplectic groupoid given by formula 
(5) means that the formal functions Sf and Sf ® 1 agree for all / G 
G°°{M). Similarly, Axiom (FA2) given by formula (6) means that T f 
agrees with l®Tf. Finally, zero constant agrees with l®Sf — Tf®l, 
since the function l®Sf — Tf 1 is in the ideal X2 which is the kernel 
of the mapping l* . Property P implies that if F G C°°(E,A) agrees 
with G e C°°(S2,A2), then 

m*(A(/)F) = .*(A°(/)G), m*{p{f)F)^L*{Xl{f)G),L*{Xl{f)G)=0. 
Thus foT u,v,w & U{q) 

(42) eu{v)m*{\{u)p{w)F) = l* {\l{u)\\{v)\l{w)G) . 

Taking into account Lemma 9 we obtain from (42) that 

\i{v){{F)){u®w) = {{G)){u®v®w), 
whence the Proposition follows. □ 

Proposition 2 shows that the comultiplication m* is uniquely defined 

by the source mapping S. This concludes the proof of Theorem 1. 

Remark. Let M be a symplectic manifold. Denote by M a copy of 
the manifold M endowed with the opposite symplectic structure and by 
Mdiag the diagonal of M x M. It follows from the results obtained in [14] 
that, given a formal symplectic groupoid G on (E, A) over a symplectic 
manifold M with the source mapping S and target mapping T, then 
the mapping 

S(^T:G^{MxM, Ma,ag) ~^ C°°(S, A) 

is a formal symplectic isomorphism. It can be easily checked that the 
mapping S ®T induces an isomorphism of the formal pair symplectic 
groupoid on (M x M, M^iag) over M with the groupoid G. 
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4. Isomorphisms of formal symplectic groupoids 

Let E be a symplectic manifold and A its Lagrangian submanifold 
which is a copy of a given Poisson manifold M. In this section we will 
consider the formal symplectic groupoids on the formal neighborhood 

(S, A) over M. It is known that there exists a local symplectic groupoid 
over M defined on a symplectic manifold E'. Its unit space A' is a copy 
of M. One can find a symplectomorphism of a neighborhood V of A 
in E onto a neighborhood V of A' in E' which identifies A with A'. 
One can then transfer the local symplectic groupoid on V' to V and 
induce a formal symplectic groupoid on (E, A) over M. We are going 
to describe the space of all formal symplectic groupoids on (E, A) over 
M as a principal homogeneous space of a certain pronilpotent infinite 
dimensional Lie group. 

Let G and G' be two formal symplectic groupoids on (E, A) over M 
with the source mappings 

S,S' : C°°{M) C°°(E,A), 

target mappings T, T', and inverse mappings I, /' respectively. De- 
note by x,x' ■ C-(E,A) ^ C and by Xi,x'i ■ C-(E,A) ^ C, the 
corresponding Poisson isomorphisms, as introduced in Section 3. For 
F e C^(E, A) we use the notations (F) = x{F), {F)' = x'{F). There 
exists a unique Poisson automorphism Q of C°°(E, A) such that 

x' = x°Q- 

It follows from formulas (24) and (25) that for / G C°°(M) 
{Sf) = {S'fY and (T/) = {T'f)', 

whence 

(43) S ^Qo S' SiudT ^QoT'. 

The isomorphisms Xi:Xi '■ C^{T,,A) Ci push forward the corre- 
sponding inverse mappings / and /' of the formal symplectic groupoids 
G, G' to the same mapping C ^ C'^ on Ci. Therefore 

QI' = IQ. 

We want to descibe the structure of the automorphism Q. The iso- 
morphisms X, x' respect the filtrations on C°°(E,A) and C. There- 
fore, the automorphism Q respects the filtration on C°°(E,A), i.e., 
QiJ^"") C J"^,n > 0, where J' = Ia/I^ is the kernel of the unit map- 
ping E : C°°(E,A) C°^{M) and J'^ := C°°(E,A). One can prove a 
stronger statement. 
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Proposition 3. The operator Q — 1 : C°°(I1,A) C°°(S,A) increases 
the filtration degree by one, i.e., {Q — 1)J'^ C J'^'^^^n > 0. 

Proof. For an arbitrary element G e J" set F = Q{G) e J"". We 
have that (F) = {G)' and {F)k = (G')fc = (G')'^ = for all k < n. 
According to Lemma 5, (G)„ = (G)'^, whence {F)k = {G)k for all 
k < n. Therefore {Q — 1)G = F — G E i/""*"^, which concludes the 
proof. □ 

For G e G°°(S,A) set F = Q{G). Using that x{F) = x'{G), it is 
easy to check that in standard local Darboux coordinates {x, ^) on E 

Eid^'F) = <^'^f{x)dpE{d"'G), 

where a, 7 are multi-indices (recall that di = d/dx^ and = d/d^j). 
We see that locally Q = ^^(x, O^a-^^, i-e., Q is a formal differential 
operator on the formal neighborhood (S, A). Proposition 3 implies that 
the operator 

H - logg = log (1 + (g - 1)) = J2 -^iQ - 1)" 

n=l 

on G°°(S, A) is correctly defined via a J'-adically convergent series and 
increases the filtration degree by one. Since g is a Poisson automor- 
phism of G°°(E, A), the operator H is a derivation of G°°(S, A) which 
respects the Poisson bracket. The operator H is a formal vector field 
on (S, A) locally given by the formula 

(44) H = a\x,m + bj{x,Od\ 

where a* = (mod ^) and bj = (mod ^'^), since H increases the fil- 
tration degree by one. We want to show that if is a formal Hamiltonian 
vector field on (S,A). 

Lemma 10. A formal vector field H on (S, A) respects the Poisson 
bracket {•, -Is and increases by one the filtration degree in G°°(E,A) 
if and only if there exists a formal Hamiltonian F G such that 
H = Hp. If H = Hp for some formal Hamiltonian F e J^^, then F is 
defined uniquely. 

Proof. Assume that H is given in standard Darboux coordinates by 
formula (44). The condition that H respects the Poisson bracket {•, -js 
can be expressed in local coordinates as follows: 

d^a^ — d^a\ dibj = djbi, did' — —d^bi, 

which is equivalent to the fact that the formal one-form A — a^d^i — 
bjdx^ is closed. Introduce a grading | • | on the differential forms in 
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the variables x,^ such that |a;| = 0, \dx\ = 0, |^| = 1, \d^\ = 1. The 
differential d — didx^ + d^d^j respects the grading. Denote by Ag the 
homogeneous component of degree q of the form A. Then 

(45) Aq ^ al_id^i - bjqdx^ , 

where a* and bjq denote the homogeneous components of a* and bj of 
degree q, respectively. Since — (mod ^) and bj — (mod ^^), 
we see from formula (45) that the series A — '^Aq starts with the 
term The form A is closed iff each homogeneous component Ag 
is closed. Using the standard homotopy argument involving the Euler 
operator $,jd^ related to the grading, we get that if Ag is closed, there 
exists a unique function Fg{x,^) homogeneous of degree q in ^ such 
that Ag = dFg. Now, F = F2 + F3 + . . . is the unique element of J'^ 
such that A = dF, or, equivalently, such that H = Hp. □ 

It follows from Lemma 10 that there exists a unique formal function 
F G such that Q = cxp Hp. Now assume that G is a formal 
symplectic groupoid on (S, A) over M with the source mapping S. 

Lemma 11. Let W be a Poisson automorphism ci/C°°(S, A) such that 
E o W = E and W o S — S . Then W is the identity automorphism, 
W = l. 

Proof. Since 14^ is a Poisson automorphism of C°°(E, A) and W o S — 
S, we get for / e C°°(M) and F e C°°(S,A) that W{HsfF) = 
W{{Sf,F}j:) = {WSf,WF}j: = {Sf,WF}j: = HsfW{F). There- 
fore W o X(u) = X{u) o W for any u e U{q). Taking into account that 
E oW = E, we obtain that 

{F)(u) = E(X(u)F) = E(WX(u)F) = E(X(u)WF) = {W(F))(u). 

Proposition 1 imphes that W — 1, which concludes the proof. □ 

Take an arbitrary element F G JT^. The operator Hp on C°°(E,A) 
increases the filtration degree by one, therefore there is a Poisson au- 
tomorphism Q = expHp of C°°(S, A) such that E o Q = E. The 
mapping S' uniquely determined by the equation S = Q o S' is a 
Poisson morphism from C°°(M) to C°°(E,A) with the property that 
ES' = id(7oo(^). Therefore it determines a unique formal symplec- 
tic groupoid G' on (E, A) over M whose source mapping is S'. Take 
F' G J'^ and set Q' = expHp/. Lemma 11 imphes that ii S — Q' o 5", 
then g = g' and F = F'. 

The automorphism Q such that S = Q o S' plays the role of the 
equivalence morphism of the groupoids G and G'. 
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Denote by the pronilpotent Lie algebra (JT"^, {■, ■}■£) and by G-£ ~ 
exp0s the corresponding pronilpotent Lie group. The results of this 
Section can be combined in the following theorem. 

Theorem 3. The space of formal symplectic groupoids over a Poisson 
manifold M defined on the formal symplectic neighborhood (E, A) of a 
Lagrangian suhmanifold A of a symplectic manifold T, is a principal ho- 
mogeneous space of the group of formal symplectic automorphisms 
ofC^{E,A). 

Let G be a formal symplectic groupoid over a Poisson manifold M 
defined on the formal neighborhood (T*M, Z) of the zero section Z of 
the cotangent bundle T*M. Denote by r the antisymplectic involutive 
automorphism of T*M given by the formula r : (x, ^) {x, —C,), where 
{x*} are local coordinates on M lifted to T*M and the dual fibre 
coordinates on T*M. It induces the dual antisymplectic involutive 
morphism r* : C^{T*M, Z) C°°{T*M, Z). Let S, T, I be the source, 
target, and inverse mappings of the groupoid G, respectively. Since 
T : C^{M) C'^{T*M,Z) is an anti- Poisson morphism such that 
ET = idc<'°(M), the mapping 

(46) S^T*oT 

is a Poisson morphism from C°°(M) to C°°{T*M, Z) such that ES = 
idc°o(M)- Therefore there exists a unique formal symplectic groupoid 
G on {T*M, Z) over M whose source mapping is S. We call G the dual 
formal symplectic groupoid of G. Theorem 3 implies that there exists 
a unique symplectic automorphism Q e such that 

(47) S = QoS. 

The automorphism Q is uniquely represented as Q = exp Hp for some 
element F e J'^. Since T — IS, we get from formulas (46) and (47) 
that 

S^Q0T*0l0S. 

Set W := Q or* ol. One can check that E oQ = E, E o I ^ E, and 
E o T* = E, whence E o W = E. Since is a Poisson automorphism 
of C°°{T*M, Z), it follows from Lemma 11 that Q o t* o I = W = 1. 
Taking into account that the inverse mapping / is involutive, we obtain 
that 

(48) I ^QoT* ^expHpOT*. 

The Hamiltonian F is canonically related to the formal groupoid G. 
Since r* is involutive, we get that Qor* — r* o Q"^, whence Hp or* — 
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T*F = F, 



i.e., that F(x,e) = F(x, -0- 
5. Canonical formal symplectic groupoid of a natural 



Let (M, {■, -Im) be a Poisson manifold. Denote by C°°(M)[[z/]] the 
space of formal series in u with coefficients from C°°{M). As introduced 
in [1], a formal differentiable deformation quantization on M is an 
associative algebra structure on C°°(M)[[i/]] with the z/-linear and z/- 
adically continuous product * (named star-product) given on f,g e 
C°°(M) by the formula 



where C^, r > 0, are bidifferential operators on M, Co{f,g) = fg and 
Ci{f,g) — Ci{g,f) = {f-,g}- We adopt the convention that the unity 
of a star- product is the unit constant. Two differentiable star-products 
*, *' on a Poisson manifold (M, {-, ■}m) are called equivalent if there ex- 
ists an isomorphism of algebras : (C°^(M) [[//]],*') (C°°(M)[[z/]],>k) 
of the form B = 1 + vBi + u"^ B2 + . . . , where Br,r > 1, are differential 
operators on M. The existence and classification problem for deforma- 
tion quantization was first solved in the non-degenerate (symplectic) 
case (see [5], [20], [8] for existence proofs and [9], [18], [7], [2], [24] 
for classification) and then Kontsevich [17] showed that every Poisson 
manifold admits a deformation quantization and that the equivalence 
classes of deformation quantizations can be parameterized by the for- 
mal deformations of the Poisson structure. 

All the explicit constructions of star-products enjoy the following 
property: for all r > the bidifferential operator Cr in (50) is of order 
not greater than r in each argument (most important examples are 
Fedosov's star-products on symplectic manifolds and Kontsevich's star- 
product on R" endowed with an arbitrary Poisson bracket). The star- 
products with this property were called natural by Gutt and Rawnsley 
in [10], where general properties of such star- products were studied. 

Let T) = V{M) be the algebra of differential operators with smooth 
comlex- valued coefficients and I^[[z^]] be the algebra of formal differen- 
tial operators on M. The algebra T> has a natural increasing filtration 
{Vr}, where Vr is the space of differential operators of order not greater 
than r. We call a formal differential operator A — Aq + uAi + ■ ■ ■ e 
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natural if Ar G for any r > 0. The natural formal differential 
operators form an algebra which we denote by Af. 

Let T*M be the cotangent bundle of the manifold M and Z be 
its zero section. Denote hj e : M ^ T*M the composition of the 
identifying mapping from M onto Z with the inclusion mapping of Z 
into T*M. It induces the dual mapping E : C'^{T*M, Z) C°^{M). 

If {x^} are local coordinates on M and {^k} are the dual fibre coordi- 
nates on T*M, then the principal symbol of an operator A G Vr, whose 
leading term is a*i" *''(a;)9ij . . . (9,^, is given by the formula Symb^(74) ~ 
a*i -'''(x)^jj ■ ■ - ii^- It is globally defined on T*M and fibrewise is a ho- 
mogeneous polynomial of degree r. We define a cr-symbol of a natural 
formal differential operator A = Aq + ivAi + {ivyA2 -|- ... as the for- 
mal series (y{A) = Symbg(Ao) + Symbi(Ai) + . . . . Such a formal series 
can be treated as a formal function from C°°(T*M, Z). The mapping 
a : Ah^ a{A) is an algebra morphism from jV to C°°(T*M, Z). More- 
over, for A,BeJ\f the operator j;[A, B] is also natural and 

(51) a(^^[A,B]^ ={a{A),aiB)}T^M, 

where {•, ■}t*m denotes the standard Poisson bracket on T*M and the 
induced bracket on C°°{T*M, Z) given locally by the formula 

For /, 5^ G C°°(M)[[z/]] denote by and Rg the operators of *-multi- 
plication by / from the left and of *-multiplication by g from the right 
respectively, so that Ljg = f * g = Rg. The associativity of * is 
equivalent to the fact that [Lf,Rg] = 0. A star-product * on M is 
natural iff for any /, G C°°(M)[[z/]] the operators L/, Rg are natural. 
It was proved in [14] that the mappings 

S, T : C~(M) ^ C^{T*M, Z) 

defined by the formulas 

Sf = a{Lf), Tf = a{Rf), 

where / G C°°(M), Poisson and an anti-Poisson morphisms, 

respectively, which satisfy the formulas ES = idc°o(M) and ET = 
idc<x>(M)- Moreover, for f,g E C°^{M) the formal functions Sf,Tg 
Poisson commute. For each natural deformation quantization on M 
we constructed in [15] an involutive antisymplectic automorphism / of 
the Poisson algebra C°°(T*M,Z) such that IS = T and IT = S. It 
follows from Theorem 1 that there exists a canonical formal symplec- 
tic groupoid on {T*M, Z) over M with the source mapping S, target 
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mapping T, and inverse mapping /. We call it the formal symplectic 
groupoid of the natural deformation quantization. 

If * and *' are two equivalent natural star products on M, it was 
proved in [10] that any equivalence operator B of these star products 
satisfying the identity 

Bf*Bg = B{f*'g) 

can be represented as -B = exp ^X, where X is a natural operator 
such that X = (mod v"^). Let G and G' be the formal symplectic 
groupoids of the star products * and *' with the source mappings S 
and 5", respectively. It is easy to check that if Q is the equivalence 
morphism of these groupoids such that S — Q o S' , then 

Q = expi7^(x). 

6. Deformation quantizations with separation of 

variables 

Let M be a complex manifold endowed with a Poisson tensor rj of 
type (1,1) with respect to the complex structure. We call such mani- 
folds Kahler-Poisson. If r] is nondegenerate, M is a Kahler manifold. 

If C M is a coordinate chart with local holomorphic coordinates 
{z'^jz'}, we will write rj = g'-'^Bi A dk on U, where dk = d/dz^ and 
di = d/dzK The condition that is a Poisson tensor is expressed in 
terms of g^^ as follows: 

(52) g^^dug'''^ = g'^'dj"' and g^'Big''"' = g^"%g''K 
The corresponding Poisson bracket on M is given locally as 

(53) {0, V'}m = g'\di4>dki^ - dii^dk4>). 

We say that a star-product (50) on a Kahler-Poisson manifold M de- 
fines a deformation quantization with separation of variables on M if 
the bidifferential operators Cr differentiate their first argument in anti- 
holomorphic directions and its second argument in holomorphic ones. 

With the assumption that the unit constant 1 is the unity of the 
star-algebra (C^(Af)[[z/]], *), the condition that * is a star-product 
with separation of variables can be restated as follows. For any local 
holomorphic function a and antiholomorphic function h the operators 
La and are the operators of point-wise multiplication by the func- 
tions a and h respectively, La — a, Rb — b. In such a case it is easy to 
check that Ci(0, ■0) = g^^Bicf) d^-^^, so that 
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Deformation quantizations with separation of variables on a Kahler 
manifold M (also known as deformation quantizations of the Wick 
type, see [3]) are completely described and parameterized by the formal 

deformations of the Kahler form on M in [11]. If (^g^''^ is an arbitrary 

matrix with constant entries, the formula 



- d d 

{(f)*i;){z,z) = ( exp ^^^^^^ ) 'P{^,v)^{v,z)\y= 



■z,v= 



defines a star- product with separation of variables on the Kahler- Poisson 
manifold (C^, g''^di A dk). One can give more elaborate examples of de- 
formation quantizations with separation of variables on Kahler-Poisson 
manifolds. We conjecture that star-products with separation of vari- 
ables exist on an arbitrary Kahler-Poisson manifold and they can be 
parameterized by the formal deformations of the Kahler-Poisson tensor 
7] (not the equivalence classes, but the star-products themselves). The 
nature of this parameterization must be very different from that of the 
parameterization by the formal deformations of the Kahler form in the 
Kahler case (see also [13]). 

For a given star-product with separation of variables * on M there 
exists a unique formal differential operator B on M such that 

(55) B{ab) ^b*a 

for any local holomorphic function a and antiholomorphic function b. 
The operator B is called the formal Berezin transform (see [12]). One 
can check that the operator A defined locally by the formula g^^d^di is 
coordinate invariant and thus globally defined on M and that 

(56) S = 1 + i/A + . . . . 

In particular, B is invertible. Introduce a dual star product * on M by 
the formula 

(57) B-^Bi/j^Bcl)). 

We will show that * is a deformation quantization with separation 
of variables on the complex manifold M endowed with the opposite 
Poisson tensor —rj. This statement was proved in the Kahler case in 
[12], but the proof does not work in the Kahler-Poisson case. 
It follows from (55) that 

(58) Ba^a and Bb = b. 



In particular, Bl — 1. 
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Lemma 12. For any local holomorphic function a and antiholomorphic 
function b 

BaB~^ = Ra and BhB~^ = U. 

Proof. We need to show that BaB~^f — f * a ior any formal function 
/. Since B is invertible, the function / can be representad as / = Bg 
for some formal function g. Now we need to check that B{ag) = Bg*a 
for an arbitrary formal function g. It suffices to check it only for g of 
the form g — db, where a is a local holomorphic function and b a local 
antiholomorphic function. We have 

B{adb) — b* (da) — b * {d * a) — {b * d) * a — B{db) * a. 

The formula BbB"^ — Lj, can be proved similarly. □ 

Denote by the operator of star- multiplication by a function from 
the left and by the operator of star-multiplication by a function ip 
from the right with respect to the star-product *. It follows form (57) 

that 

(59) = B-^Rbc^B and R^ = B'^Lb^B. 

Proposition 4. The dual star-product * given by formula (57) is a de- 
formation quantization with separation of variables on the manifold M 
endowed with the same complex structure but with the opposite Poisson 
tensor —rj. 

Proof. Lemma 12 and formulas (58) and (59) imply that for any local 
holomorphic function a 

La = B-^RBaB = B-^RaB = B-\BaB-^)B = a. 

Similarly, Rb = b for any local antiholomorphic function b. Thus * is 
a star-product with separation of variables. Using formulas (54), (56), 
and (57) we get that 

0*^ = 0^ - vg^^di(t)dk'4) + . . . , 

which implies that * is a star-product on the Kahler-Poisson manifold 
(M,-77). □ 

Lemma 12 and formula (58) imply that for any local holomorphic 
functions a, d and antiholomorphic functions 6, b 

(60) [5a5-\ a] = [Ra, La] = and [BbB''^ , b] = [L^, R~^ = 0. 

It follows from formula (56) that B — exp (^^) for some formal 
differential operator 

(61) X = 1/^X2 + v^X^ + . . . , 
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where X2 = A. We want to show that the operator X is natural To 
this end we need the following technical lemma. If C/ is a holomorphic 
chart on M with local coordinates {z^.z^} wc denote by {Cfc,0} the 
dual fibre coordinates on T*U and set = d/d(k and B'^ — d/dQ. 

Lemma 13. Given an integer n > 2, let X be a nonzero differential 
operator on a holomorphic chart U with coordinates {z^^z!"}, such that 
the operators [[X, 2;*], 2;^^] and [[X, ^-^j,^^] are of order not greater than 
n — 2 for any i,j,k,L Then the operator X is of order not greater than 
n. 

Proof. Assume that X is a difi^erential operator of order N > n. Its 
principal symbol p{C,C) is a nonzero homogeneous polynomial of degree 
with respect to the fibre coordinates {(k, Ci}- The condition that the 
operator [[X, z^], z^] is of order not greater than n — 2 means that the 
function d^d'^p is a polynomial of order not greater than n — 2 in the 
variables C, C,. On the other hand, d'^d^p is of order N — 2 > n — 2 
which means that d^d'^p — for any i,k. Similarly, d^d^p — for 
any j, I. Since iV > 3, at least one of the partial derivatives d^d^p or 
QjQip should be nonzero. Thus the assumption that N > n leads to a 
contradiction. □ 

Formula (58) implies that for any n the operator X„ in (61) an- 
nihilates holomorphic and antiholomorphic functions. In particular, 
X^l = 0. We get from formula (60) that 



exp ( — ad X ) a, a 



(62) 



exp I - ad X ) 6, 6 



[BaB-^,a\ = and 
= [BbB-\b] =0. 



Expanding the left-hand sides of formulas (62) in the formal series in 
the parameter u and equating the coefficient at to zero, we get 

(63) E [[Xi„...,[X,^,a]...],~a]^0 

k>l fe=n— 1 

for n > 2. Since all the indices ij in (63) satisfy the condition ij > 2, 
we have that n — 1 — ii + ... + ik — k>k. Thus we obtain from (63) 
that 

n— 1 ^ 

(64) [[X„,a],a] = -E^ E [[Xi„ . . . ,[X^„a] . . .] ,a] ■ 

k=2 fe=n— 1 
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Similarly, 

n—l _ 

(65) =-^- Yl [[X.„...,[X^„b]...],b 

k=2 ii+...+if;—k=n—l 

The right-hand sides of equations (64) and (65) depend only on 
with k < n. We know that = A is of order (not greater than) two. 
Assume that we have proved that Xk is of order not greater than k for 
all k < n. We see from (64) and (65) that [[X„, a], a] and [[X„, 6], h] are 
of order not greater than n — 2. It follows from Lemma 13 that Xn is 
of order not greater than n. The induction shows that X is indeed a 
natural operator. We have proved the following proposition. 

Proposition 5. The formal Berezin transform B of a deformation 
quantization with separation of variables on a Kdhler-Poisson manifold 
is of the form B = exp ^X, where X is a natural differential operator 
such that X ~ (mod u'^) . 

It follows from Proposition 5 that the conjugation of the formal 
differential operators with respect to the formal Berezin transform, 
A I— > BAB~^, leaves invariant the algebra J\f of natural differential op- 
erators. In particular, the operators Ra — BaB~^ and Lf, — BbB~^ are 
natural. Now, if / = a6 = a * 6 we see that Lf — La*b — LaLb — aLj, 
and Rf = Ra*b = RbRa = bRa are natural differential operators. Us- 
ing the same arguments as in Proposition 1 of [15] we can prove the 
following theorem. 

Theorem 4. Any deformation quantization with separation of vari- 
ables on a Kdhler-Poisson manifold is natural. 

Theorem 4 was proved in [3] and [19] in the Kahler case. 

It follows from Theorem 4 that to any deformation quantization with 
separation of variables on a Kahler-Poisson manifold M there corre- 
sponds a canonical formal symplectic groupoid on {T*M, Z) over M. 
Since for any deformation quantization with separation of variables 
La = a and Rb = b, we see that Sa = a{La) = o"(a) = a and, similarly, 
Tb = b (abusing notations we denote by a and b both local functions 
on M and their hfts to T*M with respect to the standard bundle pro- 
jection) . 

Given a Kahler-Poisson manifold M, we call a formal symplectic 
groupoid on (T*M, Z) over M such that Sa = a and Tb = b for any 
local holomorphic function a and antiholomorphic function b, a formal 
symplectic groupoid with separation of variables. 
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7. Formal symplectic groupoid with separation of 

variables 

In this section we will show that for any Kahler-Poisson manifold M 
there is a unique formal symplectic groupoid with sepration of variables 

over M. Let f/ C M be an arbitrary coordinate chart with local holo- 
morphic coordinates {z^,^'}. Introduce differential operators D^,D^ 
on U by the formulas 

D^i, = i^dii) = -{z\^}m and = g^'dk^ = {z\^}m, 

where the Poisson bracket {•, -jM is given by formula (53). Conditions 
(52) are equivalent to the statement that 

(66) [D^ D™] = and [&, D"] = 

for any k, I, m, n. Using the operators D'^, Z)' we can write 

(67) {0, ^}m = D'(l) dkip - D^^ dk(p = dicf) 5 V - di^ 

Denote by {CkXi} the fibre coordinates on T*U dual to {z^,z^}. The 
standard Poisson bracket on T*M can be written locally as 

(68) {$, ^}t.m = <9^<I> 5fe^ - d''^ dk^ + Bi-^ - B^-^ (9/$, 

where d'' = d/d(k, B^ = d/dQ. The Poisson bracket on T*M in- 
duces a Poisson bracket on C°°{T*M, Z) which will be denoted also by 
{■,-}t*m- Introduce mappings S,T : C°°{U) C°°{T*U,Z nU) by 
the formulas 

(69) {S<P){z, z, = ef'^^V, imiz, z, () = e^'^V, 

where 4>,ip ^ C°°{M), the variables (, ( are used as formal parameters, 
and the exponentials are defined via formal Taylor series. 

Proposition 6. The mappings 

S, T : {C^{U), {; -Im) ^ {C^{T*U, ZnU), {-, • W) 

are a Poisson and an anti-Poisson morphisms, respectively. For any 
0,V G C^iU) the elements S(p,Tip e C°°{T*U,Z n U) Poisson com- 
mute. 

Proof. Since , D' are derivations of the algebra C°°{T*U, ZnU), the 
operators e'^'^^ , e'^'^ are automorphisms of this algebra which implies 
that S, T are algebra homomorphisms. We see from (66) and (69) that 

(70) d^ScP) = D''{S(t)) and B\T^Ij) = D\T^Ij). 

Fix arbitrary functions 0, ^ C°°{U) and introduce an element u{C,) e 
C°°{T*U, Z n [/) by the formula 

u{C)^{S<f>,S^}T*M. 



34 A.V. KARABEGOV 

In order to show that 5* is a Poisson morphism we need to prove that 
u{() — S{(I),iJj}m — e''*^ {0, ■0}m- This amounts to checking that 
u{0) = {(/),'0}m and that d'^u = D^'u. Using (68), (69), and (70) we 
get 

u{C) = {S<l>, SiP}t*m = d\S<f>)dkiSiP) - d'iSil;)dk{S<f>) 

(71) = D'^{S<f>)dk{S^) - D\S^)d,{S<f>). 
It follows from (67) and (71) that 

(72) uiO) = dkip D'^ip dk(p = {0, ^}m. 

Now, taking into account (52) and (66), we obtain from (71) that 
d^u - D'^u = {D"'D\S(t))dk{Sij) - D'^D^{Sij)dk{S(b)+ 
D\Sct>)dk{D^Sil^) - D\SiP)dk{D^Scl>))- 
{D^D\S(l>)dk{SiP) - D^D\S'il^)dk{S(t>)+ 
D\S(t>)D^dk{S'il^)-D^{S'il^)D^dk{S(t>)) = 
D\Sct>)[dk,D^]{S^) - D\S^l^)[du,D^]{S(t>) = 

/'=afe/"^9z(50)4(5^^) -/'afc/"^aK5t^)4(^0) = 

(f^dkcTdiismxsv^) - /'=4/"aK50)a„(5^) = o, 

which concludes the check that 5* is a Poisson morphism. The proof 
that T is an anti-Poisson morphism is similar. It remains to show that 
{50,rV}T*M = 0. It follows from (68), (69), and (70) that 

{50, TiI)}t*m = d'^Scj) dkTi) - B^Ti) diS(j) = D^S(t) dkTil:- 

D'Ttl^ diSct> = g^^BiScj) dkTi/j - g'^d^Tt/j diS^dk = 0. 

□ 

According to Theorem 1 there exists a canonical formal symplectic 
groupoid Gu on the formal neighborhood {T*U, Z (lU) such that the 
mappings S, T arc the source and target maps for Gu respectively. 
The mapping r : {z, z, C, C) ^ {^i ~C-i ~C) is a global anti-Poisson 
involutive automorphism of T*M. It induces an anti-Poisson involutivc 
automorphism of the Poisson algebra C^{T*M, Z). Set 5* — t*T and 
f = T*S. Thus for 0, ^ e C^iU) 

(73) {Scf>){z, z, = e-^'^V, imiz, z, () = e'^'^^V. 
It follows from Proposition 6 that the mappings 

S, f : (C^(U), {; -Im) ^ (C^(T*U, ZnU), {; -jT^M) 
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are a Poisson and an anti-Poisson morphisms, respectively. Moreover, 
for any 0, -0 e C°°{U) the elements S^), Tip e C^{T*U,Zr)U) Poisson 
commute. Now, there is a canonical formal symplectic groupoid G[/ 
on {T*U, Z nU) (the dual of Gu) such that the mappings S, T are the 
source and target maps of Gu, respectively. According to formula (43) 
there is a unique formal symplectic automorphism Q of C°^{T*U, ZnU) 
such that 

(74) S = QS a^ndT = QT. 

Let a, a be arbitrary holomorphic functions and 6, h arbitrary antiholo- 
morphic functions on U . It follows from formulas (69) and (73) that 

(75) Sa — a, Th — b, Sb = b, and Ta — a, 

whence we see that G{/ is a formal symplectic groupoid with separation 
of variables over M and that the dual formal groupoid Gu is a formal 
symplectic groupoid with separation of variables with respect to the 
opposite complex structure on M. Proposition 6, formulas (74) and 

(75) imply that 

{Qa, a}T*M — {QTa, d}T*M = {Ta, Sa]T*M — and 

(76) {Qb, b]T^M = {QSb, b]T*M = {Sb, Tb}T*M = 0. 

We would like to draw the reader's attention to the analogy between 
formulas (62) and (76). There exists a unique element F e J"^ such 
that Q — expHp. Represent it as 

(77) F = F2 + Fs + ..., 

where Fg is the homogeneous component of F of degree q with respect 
to the variables Ck,Ci- Extracting the homogeneous components of 
degree n — 2 of the left-hand sides of (76) and equating them to zero 
we obtain the following formulas where we drop the subscript T*M in 
all the Poisson brackets: 

n— 1 ^ 

{{F„,a},a} = J2 {{Fii,---,{Fik^a}...},h}, 

k=2 ii+...+ih—k=n—l 

(78) 

n— 1 ^ 

{{Fn,b},b} = -J2^ E {{F^„...,{F,„b}...},b}. 

k=2 fe=n— 1 

The right-hand sides of (78) depend only on Fg for g < n and are 
assumed to be equal to zero for n = 2. 
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Lemma 14. Let $g = ^{z, z, (, Q be a homogeneous function of degree 
q in the variables (, ^ on T*U such that {{^q, z^}t*m, z'^}t*m — and 
F}t*m, z'^}t*m = for any k, I. Then $2 = ^)CfeO M 

some function (f)^^ on U and $g = for q > S. 

Proof. Using formula (68) we get that {{^q, z^}t*m, z^}t*m — d'^d^^q — 
and F}r*M, ^'}t*m = d^&'^q — 0, whence the Lemma fol- 

lows. □ 

Lemma 14 applied to formulas (78) implies that function (77) is 
uniquely determined by the term F2 which is of the form F2 = 4>''^{z, z)(kCi- 
We can find F2 explicitly using formulas (69), (73), and (74). For an 
arbitrary f — f[z,z) e C°°{U) calculate the both sides of the formula 
Sf = Q{Sf) modulo 

(79) (l + ai?1/=(l + //Fj(l-05')/ (modj2). 

It follows from formulas (68) and (79) that d^F2 — g^^Cu whence we 
obtain that 0"^ = g^^ and therefore 

The remaining terms of series (77) can be found recursively from (78) 
in local coordinates. Formula (49) implies that = for the odd 
values of k. We conclude that the function F and the automorphism 
Q = exTpHf are uniquely determined by the Kahler-Poisson tensor 
Since condition (76) on Q is coordinate independent, both F and Q are 
globally defined on {T*M,Z). It follows from formulas (74) and (75) 
that for f{z, z) — a{z)b{z) 

Sf = S{ab) ^ Sa- Sb^a-Qb 

is completely determined by Q which means that the source mapping 
S is uniquely defined and global on M. The following theorem is a 
consequence of Theorem 1 . 

Theorem 5. For any Kdhler-Poisson manifold M there exists a unique 
formal symplectic groupoid with separation of variables on {T*M, Z) 
over M. Its source and target mappings are given locally by formulas 
(69). 

Now let * be a star product with separation of variables on a Kahler- 
Poisson manifold M. Theorem 4 states that it is natural. The formal 
symplectic groupoid of the star product * is the unique formal sym- 
plectic groupoid with separation of variables on {T*M, Z) over M. 
According to Proposition 5 the formal Berezin transform B of the star 
product * is of the form B — exp ^X, where X is a natural formal 
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differential operator on M. Using formula (51) we can derive from (62) 
and (76) that 

a{X) = F, 

where F = i<2 + F4 + . . . is determined by the condition that F2 — 
Symb2(A) — g''^CkCi equations (78). 

8. Appendix 

In this section we give a proof of Theorem 2. To this end we need 
some preparations. 

Let K = {ii, . . . ,in) he a multi-index. Denote by K' = {12, ii, . . . , i„) 
the multi-index obtained from K by permuting ii and ^2, and by = 
(ji, . . . , j„) the multi- index such that ji = ii and ^2 < • • • < jn is the 
ordering permutation of ^2, . . . , in- If — u^^-^" is a tensor symmetric 
in i2, ... ,in then the tensor 

(80) v"" ^u""- u""' 

is skew symmetric in ii,i2, symmetric in i^, . . . ,in and its cyclic sum 
over ii, i2, is is zero. 

Lemma 15. Suppose that — - ^5 a tensor skew symmetric in 
ii,i2, symmetric in is, . . . ,in and its cyclic sum over ii,i2,i3 is zero. 
There exists a unique tensor symmetric in i2, . . . ,in that satisfies 

(80) and such that = z/ii < . . . < i„. 

Proof. To define , consider K = {ji, . . . ,jn). Set u^^ = if ji < j2 
and = if ji > j2 (these conditions agree if ji = j2). Thus 
— which implies that is symmetric in ^2, • • • , ^n- In order to 
show that is well defined we need to check condition (80). For the 
multi-index K in (80) wc can assume without loss of generality that 
^2 ^ ii and that i^ = minjis, . . . If ^2 ^ is then = and 

u^' = 0, so (80) holds. If < ^2 then = yiii3i2-^ ^k' ^ ^i2izh... 
where the order of the remaining indices does not matter. Now (80) 
holds since the cyclic sum of the tensor over ii, i2, is is zero. □ 

For a coherent family {Cn} and any fi,(f) ^ C°°{M) one can prove 
the following formula using Property B. 

Cn(0, /2, ■ ■ ■ , fn) = Cnif2, ...,/„» + 

n 

(81) J2^n-l{f2,...,{<PJ'i},---fn). 

1=2 

Let {U, {x^}) be an arbitrary coordinate chart on M. We will con- 
struct an operator C„ locally on U using induction on n. Assume that 
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one can extend by one element any /c-element coherent family for all 
k < n. Consider an n-element coherent family {Ck},0 < k < n — 1. 
Then for each index i and k < n — 1 the operators 

form a coherent family. By induction this family can be extended by 
an operator -D^_i so that 

-^n-l(/2) ■ ■ ■ ■> fk, fk+l, ■ ■ ■ fn) — -On-l(/2) ■ ■ ■ ) fk+U fk,--- fn) — 
(82) C„_i(/2, . . . , {fk, fk+l}, ■ ■ ■ ,fn, X'^), 

Introduce the following auxilliary operator 

D„(f,,...J„)=[D'„_,(k,...,f„)+ 



(83) J] C„_l(/2,...,{x^ /,},.../„ 

j=2 

The operator annihilates constants and is of order one in the first 
argument. Wc will show that for any k > 2 

Dnifl, ■ ■ ■ , fk, fk+l, ■ ■ ■ fn) — At(/l, • • • , fk+l, fk, ■ ■ ■ fn) = 

(84) Cn_i(/i, . . . , {fk, fk+l}, ■ ■ ■ , fn)- 

Using that a derivation A{f) on U can be written as A(x*)^, Property 
A, and formula (82) we can show that equation (84) is a consequence 
of the following one: 

Cn-l(/2, • • • , {fk, fk+l}, ■ ■ ■,fn, x') + 

fe-1 

Cn-2{f2, ■ ■ ■ , {x\ fj}, . . . , {fk, fk+l}, ■ ■ ■ ,fn) + 

3=2 

(85) (C„-2(/2, . . . , {{X\ fk}, fk+l}, ...,fn) + 
Cn-2(/2, . . . , {fk, {x\ fk+l}}, ...,fn)) + 

n 

Cn-2{f2, ■ ■ ■ , {fk, fk+l}, ■ ■ ■ , {x^, fj}, . . . , fn) ~ 

j=k+2 

Cn-l{x^, f2, ■ ■ ■ , {fk, fk+l}, ■ ■ ■ , fn)- 

Using the Jacobi identity, replace the sum in the parentheses in (85) 
with C„_2(/2, • • • , {xK {fk, fk+l}}, ---,fn)- The resulting identity fol- 
lows from formula (81). 

We will construct the operator C„ on the coordinate chart U in 
the form C„ = D„ + E^, where £^„(/i, . . . , /„) is a multiderivation 
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symmetric in /2, . . . , Tiie operator En must be chosen so tliat C„ 
would satisfy Property B for A; = 1 (all other conditions on C„ are 
already satisfied). This condition can be written in the form 

(86) Vnih, /2, . . . , /„) = K(/2, /l, . . . , /n) - Enih, /2, . . . , fn), 

where the operator is given by the formula 

Vnifl, f2, ■ ■ ■ , fn) = Dn{fl, f2, ■ ■ ■ , fn) — -Dn(/2, fl, ■ ■ ■ , fn) 

(87) -a-l({/l,/2},...,/n). 

According to Lemma 15, an operator En with the required proper- 
ties exists if Ki(/i, /2, • • • , fn) is a multiderivation skew symmetric in 
fl, f2, symmetric in /a, . . . , /„, and such that the cyclic sum of over 
/i,/2,/3 is zero. We will show that the operator V"„ enjoys all these 
properties. Check that the operator is a derivation in the second 
argument. Substituting formula (83) in (87) and taking into account 
Property A we see that it remains to check that the operator 

(88) C„_l({x^ /2}, fs,...,fn)^- C„-l({/l, /2}, ...,/„) 

is a derivation in /2. Formula (88) can be rewritten as follows, 

(89) Cn-i{x^, /a, . . . , /„) (|^^{^^ /2} - ^{/i, m) ■ 

In local coordinates {/,(?} = v'^''§^§^, where r;^^ is a Poisson tensor. 
The second factor in (89) equals 

dx'' dx^ \ dx^ J dx^ \ dx^ dx^ J dxWx^ dx^ 

Thus V^(/i, /2, ■ ■ • , /n) is a derivation in /2. Since it is obviously skew 

symmetric in /i, /2, it is also a derivation in /i. 

We will prove that K(/i, /2, • • • , fn) is symmetric in fs, fn using 
formula (84). For A; > 3 

^nifl, ■ ■ ■ , fk, fk+l, ■ ■ ■ , fn) — Vnifl, ■ ■ ■ , fk+1, fk,---, fn) — 

Cn-l{fl, f2, ■ ■ ■ , {fk, fk+l}, ■ ■ ■ , fn) — 
Cn-l(/2, fl,---, {fk, fk+l}, - - - ,fn) — 
Cn-2{{fl, f2}, - - - , {fk, fk+l}, - - - ,fn) =0. 
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It remains to show that f2, ■ ■ ■ , fn) is a derivation in /a and that 

its cydic sum over /i, /2, /s is zero. We have, using formula (84), that 

f2, fs,---, fn) = Dn{fl, /2, fs, ■ ■ ■ , fn) — 
Dn{f2, fl, fs, ■ ■ ■ , fn) — Cn-l({/l, /2}, fs, ■ ■ ■ , fn) = 
Dnifl, fs, /2, • • • , fn) + Cn-l{fl, {/2, fs}, ■ ■ ■ , fn) — 
Dn{f2, fl, /s, • • • , fn) — Cn-l{{fl, /2}, fs, ■ ■ ■ , fn) = 
Dnifl, fs, f2, ■ ■ ■ , fn) — Dn{f2, fl, fs, ■ ■ ■ , fn) + 
Cn-2{{fl, {f2, fs}}, ■ ■ ■ , fn)- 

We see that the cychc sum of over /i, /2, /a is zero due to the Jacobi 
identity. Therefore, 

f2, /a, • • • , fn) = —Vn{f2, fs, fl, ■ ■ ■ , fn) — 
(90) K(/3,/l,/2,...,/n). 

We have already proved that Vn is a derivation in the first two argu- 
ments, whence the right hand side and therefore the left hand side of 
(90) are derivations in f^. Since Ki(/i, . . . , fn) was shown to be sym- 
metric in fs, . . . , fn, this implies that Vn is a multiderivation. This 
concludes the proof of all the properties of the operator Vn and pro- 
vides a local construction of the operator C„. Finally, we use partition 
of unity to construct Cn globally on M. 
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